Abstract. In this paper we prove, on one hand, extrapolation from infinity for the one-sided q,α,β , and on the other hand, the BM O-boundedness for one-sided singular integrals. We also provide several applications of our results.
Introduction
Extrapolation properties for the Muckenhoupt classes A p were proved by J.L. Rubio de Francia in 1984, see [14] , roughly speaking, if an operator preserves L p 0 (w) for all w ∈ A p 0 , then it necessarily preserves the L p (w) space for every w ∈ A p , and every 1 < p < ∞. Extensions of this result were obtained by several authors, for instance in [5] and [6] , E. Harboure, R.A. Macías and C. Segovia study A(p, q) classes, pairs of weights and extreme cases, p 0 = ∞; more recently F. Martín-Reyes, P. Ortega and A. de la Torre, see [9] , considered this problem for one-sided classes of weights for 1 ≤ p 0 < ∞. (The one-sided classes of weights were first introduced by Sawyer in [13] .) Since proving L p 0 boundedness for p 0 = ∞ is usually much simpler than doing this for a finite p 0 , it is of great interest to study that extreme case.
In this paper we study the strong and weak extrapolation properties of one-sided classes of weights, A Moreover we also study in Paragraph 2 the weighted BM O boundedness of one-sided singular integral operators recently introduced by H. Aimar, L. Forzani and F. Martín-Reyes, ( see [1] ). These allow us to show several applications which are contained in Paragraph 3, including new proofs of the results appearing in [1] , [9] , and [10] .
Before stating our results we need some definitions. Given p ∈ R\{0}, p is the conjugate index, 1/p + 1/p = 1. A nonnegative function w defined in R shall be called a weight if it is locally integrable. In the following we consider the right lateral classes. It is easy to see that the left classes can be treated analogously.
A weight w is said to belong to the class A for almost every x ∈ R. For p = ∞, we put
We say that a pair of weights, (u, v), belongs to A
for every h > 0 and x ∈ R. We say that v ∈ A
is the class of all the pair of weights (u, v) , such that
is satisfied for every a < b < c. In the case p = 1, we let (u, v) ∈ A + 1,q,α,β if and only if
, whenever a < b < c. In the case 1 < p < ∞ and q = ∞, (u, v) ∈ A + p,∞,α,β if and only if ||χ [a,b] 
is satisfied for every a < b < c.
Extrapolation results.
The next theorem is an extension of the one that appears in [8] , where the case 1 < p 0 = q 0 < ∞ is obtained.
Theorem I. Let T be a sublinear operator defined on
holds for some pair (p 0 , q 0 ), 1 < p 0 ≤ q 0 < ∞ and for all weights v belonging to the class A
, and for
holds, provided the left hand side is finite.
where z + = max(z, 0). In [9] , an one-sided version of the BM O space, BM O + , is defined as the set of those functions such that ||f # + || ∞ < ∞. We consider the quantity given by
, as being the set of those functions such that | f | v,+ < ∞. Then we are able to give, in Theorems II, III and IV, one-sided versions for the extrapolation from infinity results obtained in [4] and [5] . 
Recently a general maximal function,
was introduced in [10] , where it is shown that the pair (u, v 
for all λ > 0. The next theorem proves that also in this case extrapolation from infinity is posible, which allows us to obtain, in Paragraph 3, an easier proof of the boundedness of these maximal functions. 
Then for every pair
, there exists C depending only on p, q, and the constant A
Weighted Boundedness for One Sided Singular Integral
In this section we will prove that one-sided singular integral operators are bounded from L
Then, applying Theorem III we obtain the boundedness of these 
for all and all N , with 0 < < N ,
for all x = 0,
for all x and y with |x| > 2|y|. Furthermore we assume that there exists
Let us consider
where
Lateral singular integral operators were recently defined by H. Aimar, L. Forzani, F. Martín-Reyes in [1] , where they characterize the weights for which these operators are of strong type (p, p), 1 < p < ∞. They also give an example of a Calderón-Zygmund kernel with support in the negative real line, namely 
Let us observe that T * s is the maximal operator associated to K s , then this Theorem implies that the operators T * 
Proof. First of all we note that
Fix x ∈ R, h > 0 and let f , v and δ > 0 be such that v
The last inequality follows from (v
Now we consider
Since t − z > 2(y − z), applying (2.3), we get
Let us study I 2, :
where the last inequalities follow from (2.3) and the fact | − | ≥ 2 | − (t − y)|. Therefore
so, by (2.6) and (2.7), taking sup we get Theorem 2.5.
In the following theorem we use the extrapolation properties proved in Theorem III together with the boundedness given by Theorem 2.5, to obtain an easier proof for (A.1).
Theorem 2.8. Let K be a kernel satisfying (2.1), (2.2),(2.3) with support in the negative real line and T * be as in (2.4). If v ∈
Proof. In order to apply Theorem III, in view of Theorem 2.5, we only have to see that
Now let us put
Putting all the estimates together we get that
is known. The proof of the last inequality can be found in [9] .
Finally notice that Theorem 2.5 remain true replacing T * f by |T f | and Theorem 2.8 is also true replacing T * by the singular integral operator T (see (2.4)).
Applications.

Applications of Theorem II.
Let us consider a lateral version of the fractional integral operator. Given 0 < α < 1, we put
It is shown in [2] ( see also [9] and [11] 
and finite values of q. Our purpose is to give a simpler proof of this fact (see Theorem 3.7). In order to use the extrapolation Theorem II, we need first to show, the boundedness of
x ∈ R, and h > 0. We set f = f 1 + f 2 , where
We will see that (3.2) holds for f 1 and f 2 . Let us consider
By Hölder for p = 1 α , and using that v ∈ A
Now we study
Now using the mean value theorem and the fact that (t−ξ) 5) and by Hölder for exponents 1/α and 1/(1 − α)
On the other hand
Putting together the estimates we have
From (3.3) and (3.6) we get (3.2) for every x ∈ R and h > 0.
Now we are ready to apply the extrapolation Theorem II to prove the weighted strong (p, q) type of I
Proof. We shall get the proof as a consequence of Theorem II. In view of Theorem 3.1 we just need to see that , q) , and f be with support contained in (−N, N ) 2N, N ) , we get
, using an analogue of (2.9) we get the Theorem.
Applications of Theorem IV.
1. For 0 < α < 1 and 1 ≤ r < ∞, we define
The boundedness of the bilateral case of M r α f was studied in [5] . Here we prove the one-sided result using Theorem IV. Note that a(x) is finite almost everywhere. Therefore for every x such that a
Now an application of Theorem IV, proves the theorem.
Taking r = 1 we obtain the known result due to M. Gabidzashvili and V. Kokilashvili, [3] :
Then there exists C such that
As another application of Theorem IV, we present next the one-sided version of a result proved in [5] . Proof. It is known that (see [9] ) Application of Theorem V.
The following Theorem provides a way to give a simpler proof of a result published in [10] . 
Proofs of the Extrapolation Results
In order to shorten notation, we shall denote ||f || 
Proof. Let x be a Lebesgue point of v with v(x) > 0, we have for all h > 0, 0 In order to estimate the second factor above, we observe that ) (see [13] , [8] , [7] ). Therefore 
